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Summary of Procedure for Finding Bending
Deformation Using Virtual Work
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We want to find the deflection at
point A and the slope at point B
due to the applied loads




Step 1 — Remove all loads and apply a virtual

force (or moment) to measure the deformation at
+ |the point of interest
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From an equilibrium analysis, find the internal

bending moment function for the virtual system:
M, Q( x)




Step 2 — Replace all of the loads on the structure
and perform the real analysis
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From an equilibrium analysis, find the internal

bending moment function for the real system:
Mp(x)




Step 3 — Evaluate the virtual work product integrals

and solve for the deformation of interest

If the bending stiffness, EZ, is constant:
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Table in textbook appendix is provided to help
evaluate product integrals of this type



Table to Evaluate Virtual Work Product Integrals

Appendix Table.2
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Table is as useful tool
to evaluate product
integrals of the form:
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Beam Deflection Example
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The overhanging beam shown has a fixed support at A, a roller support
at C and an internal hinge at B. EI,z- = 2,000,000 k-in? and
Elcpg = 800,000 k-in?

For the loads shown, find the following:
1. The vertical deflection at point E;

2. The slope just to the left of the internal hinge at C;
3. The slope just to the right of the internal hinge at C




Find the Deflection at Point E

Step 1 — Remove all loads and apply a virtual
force (or moment) to measure the deformation at
+ |the point of interest

8 ft 8 ft 8 ft 4 ft

From an equilibrium analysis, find the internal

bending moment function for the virtual system:
M, Q( x)




Find the Moment Diagram for the Virtual System




Support Reactions for the Virtual System
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Moment Diagram for the Virtual System
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Step 2 — Replace all of the loads on the structure
and perform the real analysis
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From an equilibrium analysis, find the internal

bending moment function for the real system:
Mp(x)




Find the Moment Diagram for the Real System
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Support Reactions for the Real System
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Moment Diagram for the Real System
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Step 3 — Evaluate the virtual work product integrals

and solve for the deformation of interest

EL ¢ = 2,000,000 k-in2

El ;= 800,000 k-in?
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Use Table to evaluate
product integrals
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Evaluate Product Integrals
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Table to Evaluate Virtual Work Product Integrals

Appendix Table.2
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Evaluate Product Integrals
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Evaluate Product Integrals
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Evaluate Product Integrals
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Find the Rotation Just to the Left of Point C

Step 1 — Remove all loads and apply a virtual
force (or moment) to measure the deformation at
+ |the point of interest

8 ft 8 ft 8 ft 4 ft

From an equilibrium analysis, find the internal

bending moment function for the virtual system:
M, Q( x)




Find the Moment Diagram for the Virtual System




Support Reactions for the Virtual System
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Moment Diagram for the Virtual System
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Moment Diagram for the Real System
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Evaluate the Virtual Work Product Integrals

EL ¢ = 2,000,000 k-in2

El ;= 800,000 k-in?
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Use Table to evaluate
product integrals
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Table to Evaluate Virtual Work Product Integrals

Appendix Table.2
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Evaluate Product Integrals
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Evaluate Product Integrals
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Find the Rotation Just to the Right of Point C

Step 1 — Remove all loads and apply a virtual

force (or moment) to measure the deformation at
+ |the point of interest
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From an equilibrium analysis, find the internal

bending moment function for the virtual system:
M, Q( x)




Find the Moment Diagram for the Virtual System
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Support Reactions for the Virtual System
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Moment Diagram for the Virtual System
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Moment Diagram for the Real System
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Evaluate the Virtual Work Product Integrals
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Table to Evaluate Virtual Work Product Integrals

Appendix Table.2
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Evaluate Product Integrals Using the Table
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Evaluate the Virtual Work Product Integrals
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Evaluate Product Integrals
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Positive result, so
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Beam Deflection Example Results

. 0.0419 radians
c 6 k
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The overhanging beam shown has a fixed support at A, a roller support
at C and an internal hinge at B. El,g~ = 2,000,000 k-in? and
Elcpg = 800,000 k-in?

For the loads shown, find the following:
1. The vertical deflection at point E;

2. The slope just to the left of the internal hinge at C;
3. The slope just to the right of the internal hinge at C




