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ABSTRACT

The Penman relationship for potential evaporation is modified to simply include the influence of atmospheric
stability on turbulent transport of water vapor. Explicit expressions for the stability-dependent, surface exchange
coefficient developed by Louis are used. The diurnal variation of potential evaporation is computed for the
stability-dependent and original Penman relationships using Wangara data.

The influence of afternoon instability increases the aerodynamic term of the modified Penman relationship
by 50% or more on days with moderate instability. However, the unmodified Penman relatiouship predicts
values of daily potential evaporation close to that of the stability-dependent relationship. This agreement is
partly due to compensating overestimation during nighttime hours, Errors due to use of daily-averaged variables
are examined in detail by evaluating the nonlinear interactions between the diumal variation of the variables
in the Penman relationship.

A simpler method for estimating the exchange coefficient is constructed from an empirical relationship
between the radiation Richardson number and the Obukhov length. This method is less accurate, but it allows
estimation of the stability-dependent exchange coefficient using only parameters already required for evaluation
of the Penman relationship. Finally, the diurnal variation of the atmospheric resistance coefficient appearing
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in the Penman-Monteith relationship is presented.

1. Introduction

The surface moisture flux is often parameterized in
terms of potential evaporation and associated coeffi-
cient representing soil moisture deficit, resistance of
the vegetation and radiative properties of the surface.
The potential evaporation is defined as that evaporation
occurring over a free water surface. In theory, the po-
tential evaporation is independent of the state of the
water surface and depends only on atmospheric con-
ditions. In practice, the value of the potential evapo-
ration depends on the methodology of measurement.

In most atmospheric models, the potential evapo-
ration is parameterized in terms of a bulk aerodynamic
relationship while in other disciplines the potential
evaporation is more often equated to a Penman (1948)
or combination formulation. The Penman formulation
can be derived by combining the aerodynamic rela-
tionship with the surface energy balance. The Penman
approach has the following advantages:

1) Surface temperature or surface saturation vapor
pressure is eliminated. In practice, surface temperature
is difficult to define over land where the difference
between vegetation and soil temperatures can exceed
5°C. Associated errors in the bulk aerodynamic re-
lationship have been shown to be large (Yu, 1977).

2) The Penman relationship includes an explicit
dependence on net radiation which, when calibrated
to actual evapotranspiration, may indirectly include
biological dependencies on solar radiation such as
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photosynthesis. In fact, the frequently used Priestley-
Taylor model (1972) expresses evapotranspiration ex-
clusively in terms of net radiation.

3) The Penman relationship has been compared to
actual evaporation or evapotranspiration in a large
number of studies, although many studies are hard to
compare due to use of different versions of the Penman
equation, use of different observational levels, and in-
fluences of horizontal inhomogeneity.

In comparison with more empirical approaches, the
Penman relationship is usually found to perform as
well or better (e.g., Seguin, 1975). The Penman rela-
tionship has not been tested explicitly for downward
moisture flux associated with negative net radiation
and dew formation.

Evaluation of -any model of potential evaporation
from atmospheric variables, which are in equilibrium
with a surface evaporating at less than potential, can
be considered to be inconsistent (Bouchet, 1963; Mor-
ton, 1975; and others). Here we require the potential
evaporation to be a function of only atmospheric vari-
ables and independent of reduction of actual moisture
flux due to soil moisture deficit and plant resistance.
However, the results of the present development can
be transformed to modified expressions of potential
evaporation.

The most serious disadvantage of the usual Penman
relationship, and many other models of potential
evaporation, is failure to include explicitly the influence
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of atmospheric stability on atmospheric transport of
water vapor. Such an influence can significantly con-
tribute to diurnal variation of the potential evaporation.
The influence of stability can be reduced by using
atmospheric variables measured closer to the ground.
However, observations close to or within the canopy
are difficult to interpret and the usual similarity theory
no longer applies. As a result, studies of turbulent fluxes
over land almost always include the influence of at-
mospheric stability.

However, only a few of the many applications of
the Penman or combination formulations have in-
cluded the influence of atmospheric stability. Such for-
mulations are usually based upon similarity modifi-
cations of the log-law and thus also include a depen-
dence on surface roughness in contrast to the original
Penman relationship. Businger (1956) modified the
Penman relationship to include a stability correction
which was expressed in monogram form. Fuchs et al.
{1969) included the influence of stability in a version
of the combination equation which did not eliminate
surface temperature. Federer (1970) included a stability
adjustment in the Penman relationship which required
knowledge of the Obukhov length or an additional
unspecified relationship between stability parameters.

The Penman-Monteith (Monteith, 1965) relation-
ship has been modified to include certain aspects of
the stability influence using Obukhov similarity theory
(Stewart and Thom, 1973; Thom and Oliver, 1977;
Verma et al., 1976; DeHeer-Amissah et al., 1981; Ber-
kowicz and Prahm, 1982). Such inclusion of the sta-
bility influence generally requires iterative procedures.
Stricker and Brutsaert (1978) apply an iterative tech-
nique to estimate the stability parameter and its in-
fluence on the actual surface moisture flux as computed
from the surface energy budget, while Brutsaert (1982)
suggests an iterative procedure based on the Penman
relationship. They conclude that the influence of at-
mospheric stability cannot be neglected, although they
found little difference between the various stability for-
mulations examined.

The first goal of this study is to present a method
for estimating potential evaporation from the Penman
relationship which includes the influence of atmo-
spheric stability yet is simpler than the foregoing pro-
cedures. In particular, we wish to avoid the need for
iteration in order to construct a method suitable for
use in those atmospheric models or routine applications
where computer time is restricted. This will be done
by using the dependence of surface exchange coeffi-
cients on the bulk Richardson number presented in
Louis (1979) and Louis et al. (1982) for both the stable
and unstable cases (Section 2).

A second goal of this study is to estimate the im-
portance of the influence of atmospheric stability since
most applications of the Penman relationship still ne-
glect such an influence. Toward this goal, we will sys-
tematically evaluate the Penman relationship with and
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without the stability influence using data from the
Wangara experiment (Clarke et al., 1971). The inclu-
sion of the stability influence in this study is expected
to improve substantially the Penman relationships
since the Louis (1979) formulation approximates sim-
ilarity theory which has been calibrated and tested
against classical data sets. However, the modeled sta-
bility influence will incur some error so that the eval-
uation of the original Penman relationship will be only
approximate.

Also of interest is the influence of the diurnal vari-
ation of stability on the 24 h evaporation since evap-
oration values are often reported for 24 hour periods.
While afternoon instability can significantly enhance
the surface moisture flux, nocturnal stability can sig-
nificantly reduce such fluxes leading to some cancel-
lation between stability influences. The third goal of
this study is to assess the magnitude of errors resulting
from use of 24 h averaged variables since the Penman
relationship is frequently evaluated with such averaged
data.

Note that this study is concerned only with potential
evaporation dictated by atmospheric variables; no at-
tempts are made to estimate the actual evaporation
or relate it to the potential evaporation. The daily po-
tential evaporation during the Wangara observational
period averaged a little more than 2 mm day ™' reaching
near 4 mm on some days. These modest values would
be more than enough to evaporate the 2% cm of pre-
cipitation which fell during the 43 day period. There-
fore, the actual evaporation rate was probably well
below the potential rate for much of the observational
period.

The study of the behavior of potential evaporation
under conditions where the actual evaporation is less
than potential, is of considerable interest. Plant-soil
models, which are forced by expressions for potential

~evaporation, are typically applied to situations of

moisture stress.

It should be noted that models or expressions which
relate actual evaporation to potential evaporation de-
pend largely on observational calibration. Conse-
quently, improved physical basis sought in this study
will not necessarily lead to improved prediction of
evapotranspiration in field situations. The relationship
between actual and potential evaporation is outside
the scope of this development. However, the procedures
presented here will allow future construction of simple,
physically more consistent, models of interaction be-
tween evaporation and the atmosphere.

2. Basic development

We begin with the bulk aerodynamic relationships
for surface moisture and temperature flux:

(6]
()

(W)sfc = qu(qsfc - q),
(WIT,)sfc = Chu(Tsfc - T)a
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where u, ¢, and T are, respectively, the atmospheric
wind speed, specific humidity and temperature mea-
sured at a standard level such as 2 m, C, and C} are
nondimensional exchange coeflicients, the subscript
“sfc” refers to surface values, w is the vertical motion
and primes indicate turbulent fluctuations. Relation-
ships (1) and (2), in principle, assume that the mean
flow is sufficiently horizontally homogeneous so that
turbulence is uniquely in equilibrium with the mean
flow.

The exchange coeflicient appearing in the bulk aero-
dynamic relationship can vary by several factors, with
only modest diurnal variations of atmospheric stability.
The same can be said of the coefficient appearing in
Dalton’s law used to derive the original Penman for-
mula.

The potential evaporation can be defined by re-
placing gy in (1) with the saturation surface value
g¥%. corresponding to the temperature of the surface,
in which case

(w,q’)sfc = Cqu(q;;‘c - q) (3)

In analogy with the usual Penman derivation, we ex-
pand (3) so that ‘

(W’q’)sfc = qu[(q:;'c - q*) + (q* - Q)L (4)

where g* is the saturation value of the atmospheric
specific humidity at the standard observational level.

To continue the analogy, we express the saturation
specific humidity as a function of temperature. Using
the relationship

e*
* ~ 0.622 —,
9 p

we obtain the approximation
_0.622 de™(T)
] ar

where e* is the saturation vapor pressure and p is
atmospheric pressure. Substituting (5) into (4), we ob-
tain '

(Tsee = 1), &)

a% —q*

W )ste

.622 de™(T"
= c,,u[‘lf’— de d(T ) (T — T) + q* - q] . ®)

Using (2), we can write the surface energy balance
as

—pL (W @) + R, — S — pc,Cuth Ty — T) = 0, (7)

where p is the surface density, L, the specific latent
heat, ¢, the specific heat capacity, R, the net radiative
energy gained by the surface and S the flux of heat to
the soil or vegetation, R, and S are expressed in
W m™,

To eliminate surface temperature we combine (6)
and (7) and obtain
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_ AR, - S)
Ci/C, + A

pL.Cau(g* ~ q)
(1 +(C,/CD)°

®

where
E= va(W'q I)sfc

_0.622 L, deXT) [’
p ¢ dT

and E is the potential latent heat flux at the surface
in W m~2. Equivalently, the evaporation of water in
mm day ' is 3.46 X 1072E. The surface moisture flux
w'q'in m s~! g kg7! is 103E/(pL,) = 3.1 X 10™E.

With no other information, we assume that the tur-
bulent exchange coefficients for heat and moisture are
equal. Then (8) becomes
AR, — S) | pLCaug* ~ q) ©)

1+A 1+A
Relationship (9) is similar to other Penman formu-
lations except that the usual wind function f{(u) is re-
placed by C,u.

The second term is normally referred to as the ad-
vection term, since with no mean wind speed and no
evaporation the specific humidity may approach sat-
uration. However, even in the theoretical limit of van-
ishing wind speed, turbulence generated by any surface
heating will mix drier air downward, keeping air near
the surface unsaturated. As in the original Penman
relationship, the second term in (9) does not vanish
with vanishing wind speed if the air is not saturated
and if the dependence of C, on stability is appropriately
chosen. The same can be said of the second term when
it is identified with the evaporation measured by a
Piché atmometer (Brochet and Gerbier, 1972). Even
as the wind speed vanishes, convectively driven tur-
bulence can ventilate the atmometer, leading to evap-
oration. For lack of a better term, we will refer to the
second term as the “aerodynamic” term although it
must be remembered that both terms in (9) originate
from the bulk aerodynamic relationship.

The original Penman relationship is derived in the
same manner as (9) except Dalton’s law is used as a
starting point in place of (1). This relationship is typ-
ically expressed in the form (e.g., Brutsaert, 1982)

- Aiﬂ%* L e — o

Sw) = 0.26(1 + 0.54u)

de*(T) (s
dT
Gop

0.622L, J

where E here is expressed in mm day™!, Q is the net
radiation flux density less soil heat flux, and e¢* and
e are, respectively, the saturation and actual values of

A

E=

(10)

[l

A

7:
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vapor pressure at 2 m. The wind function f(u) was
determined from evaporation pan measurements
(Penman, 1948). Many modifications of the Penman
wind function have been suggested, although the orig-
inal form still enjoys widespread usage. Comparison
of (10) and (9) indicates that the wind function is
proportional to the exchange coeflicient

Jw) oc Cyu,

where the coefficient of proportionality depends on
the units employed in (1) and (10), (Brutsaert, 1982).

3. Dependence of exchange coefficient on stability

The dependence of the exchange coefficient C, on
atmospheric stability can be expressed in terms of a
Richardson number of the form

= g (0 — osfc)z
6 ur

where g is the acceleration of gravity, z the height of
the atmospheric observations, 6 the atmospheric po-
tential temperature and 6. the potential temperature
of the air at the lower reference level. The application
of Monin—-Obukhov similarity theory to the bulk aero-
dynamic relationship requires integration between two
reference levels. The lower reference level is typically
chosen to be the roughness height which simplifies the
bulk aerodynamic relationship. The derivation of the
Penman relationship demands integration from the
surface where saturation is assumed in order that the
vapor pressure can be determined from the temper-
ature. The appropriate integration constant is then the
roughness length for moisture (Brutsaert, 1982). Be-
cause of the approximate nature of this development
and most applications to actual data, we will not dis-
tinguish between the roughness lengths for momentum
and scalar quantities. For the present data analysis,
the influence of water vapor on buoyancy is generally
small and therefore also neglected.

Based on previous observations and certain asymp-
totic constraints, the development in Louis (1979),
together with modifications in Louis ef al. (1982), leads
to the following dependence for the unstable case (Ri
<0)

Ri

15 Ri
~TrO—RAT C[—Ri]”z) , (lla)

L. MAHRT AND MICHAEL EK

225
and stable case (Ri > 0)
2
: k
C,= IC+¢q [(1 + 15 Ri)(1 + 5 Ri)'?]™".
of =120

29

(11b)

Both formulations reduce to the usual log-law as
Ri — 0. Note that the exchange coefficient increases
with increasing instability (increasing negative Rich-
ardson number). In the limit of extreme instability
(Ri — —o0), after substituting for the Richardson

‘number into (11a), the wind function becomes

2 Zo )l/Z[g ]1/2
- —=— =B — 6 . 12
Cou w&+% g e = 02 (12)

Thus, the evaporation rate becomes independent of
wind speed and depends on surface heating through
a square root dependence on the surface temperature
excess.

In the free convection limit, the roughness length
becomes a somewhat arbitrary lower limit to the in-
tegration, which allows smooth matching to the usual
Monin-Obukhov similarity theory. Ideally the ex-
pected rapid increase of 64 — 6 with increasing z/z
is such that the free convection limit (12) becomes
independent of the roughness length. However, the
actual sensitivity of (12) to the roughness length cannot
be determined in practice since the air temperature
becomes extremely inhomogeneous at the surface.

Other attempts to include the free convection limit
involve additional criteria and separate formulation of
the free convection case. These criteria could be added
to the above development. However, the free convec-
tion limit is not usually of practical importance; e.g.,
in the Wangara experiment —Ri rarely exceeded one.
As is evident from Fig. 1 of Louis (1979) for such
stability limits, the modeled influence of roughness

“length on the stability correction to the exchange coef-

ficient (11) is well-behaved in that it closely approxi-
mates the original fit to data by Businger et al. (1971).
Consequently, for simplicity, we proceed with (11)
without further modification.

The stability corrections in the foregoing exchange
coefficient for heat and water vapor are different than
that for momentum. However, the differences between
the neutral values of the exchange coefficients for mo-
mentum and heat or moisture have been neglected in
the formulation based on Louis et al. (1982). This
contrasts to neutral limits in Louis (1979) and others
where the exchange coefficient for heat was larger than
momentum and also contrasts with Stewart and Thom
(1973) where the relationship between the exchange
coeflicients was more complicated.
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FiG. 1a. The mean diurnal variation of net radiation (dotted),
heat flux to the soil (broken), temperature (solid) and coefficient of
the radiation term A/(A + 1) (dot-dash).

4. Asymptotic cases

We now -identify various special or limiting cases
where the wind speed, exchange coefficient, humidity
deficit and/or net radiation less soil heat flux vanish
(Table 1). Combinations which do not satisfy the sur-
face energy balance have been eliminated. As before,
molecular diffusion of vapor is not considered. The
type of evaporation has been classified as free con-
vection if the wind speed vanishes and the implied
turbulence and vapor transport are driven only by
buoyancy. Conversely, the evaporation is classified as
mechanical if the sensible heat flux is zero or down-
ward, in which case vapor is transported only by shear-
generated turbulence. ’

Both the original and modified expressions agree on
the existence of evaporation or dewfall for the various
cases except for cases 7 and 8. Since the original Pen-
man wind function contains no dependence on sta-
bility, its aerodynamic term incorrectly predicts free
convection of water vapor away from the surface for
vanishing wind speed under stable conditions (7a and
8a) when there should be no turbulence. The same
problem would theoretically occur with vanishing wind
speed and exactly neutral conditions. With the stability-
dependent exchange coefficient, free convection of wa-
ter vapor correctly occurs only for unstable conditions
(upward heat flux).
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5. Diurnal variations in Wangara

We now compute the diurnal variation of potential
evaporation from micrometeorological data collected
during the Wangara experiment near Hay, Australia,
in the winter of 1967 (Clarke et al., 1971). The diurnal
variation of stability during the Wangara experiment
was, on the average, less than most would expect. Ex-
cept for day 33, the magnitude of the afternoon Obu-
khor length was generally near or greater than 10 m
and on many afternoons greater than 100 m. This only
modest instability is due to relatively low winter sun
angles and generally significant airflow.

Potential evaporation is calculated from Wangara
data using both the original Penman equation and the
Penman equation modified to include the stability-
dependent exchange coefficient. The 40 days of data
provided by the Wangara program allow nearly 900
hourly calculations of potential evaporation. Unfor-
tunately, the temperature and specific humidity at the
reference height of two meters needed for the Penman
calculation were not measured. These variables were
approximated by temperature and humidity data
available at a height of ~1.2 m. In the daytire, use
of the 1.2 m temperatures would overestimate the sat-
uration vapor pressure at 2 m, whereas the 1.2 m spe-
cific humidity would overestimate the 2 m specific
humidity. Therefore, the net error in the estimated 2
m humidity deficit is smaller than the errors in the

- estimated 2 m temperature and specific humidity.

Since the surface temperature was not measured
and cannot be simply defined over land surfaces, the
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F1G. 1b. Mean diurnal variation of wind speed (dot-dash), specific
humidity deficit (broken), Louis stability-dependent exchange coef-
ficient C, (solid), and temperature-dependent coefficient 1/(1 + A)
(dotted).
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TABLE 1. Limiting cases of potential evaporation for (a) the original Penman relationship and (b) the modified Penman relation.

Surface energy balance

Radiation Latent
term Aerodynamic term heat flux
Net Sensible
Case R,— S u C, q* —q contribution E heat flux Type of evaporation
(a) original Penman relationship

la 0 0 >0 0 0 0 0 None

2a <0 0 >0 0 0 <0 <0 Dewfall

3a >0 0 >0 0 0 >0 >0 Free convection

4a 0 >0 >0 0 0 0 0 None

S5a <0 >0 >0 0 0 <0 <0 Dewfall

6a >0 >0 >0 0 0 >0 >0

Ta 0 0 >0 >0 >0 >0 <0 (See text)

8a <0 0 >0 >0 >0 (1) <0 (See text)*

9a >0 0 >0 >0 >0 >0 >0 Free convection
10a 0 >0 >0 >0 >0 >0 <0 Mechanical turbulence
1la <0 >0 >0 >0 >0 ¢)) <0 *
12a >0 >0 >0 >0 >0 >0 <0 t
13a >0 >0 >0 >0 >0 >0 0 t
14a >0 >0 >0 >0 >0 >0 >0 1

(b) modified Penman relationship

1b 0 0 0 0 0 0 0 None

2b <0 0 0 0 0 <0 <0 Dewfall

3b >0 0 >0 0 0 >0 >0 Free convection

4b 0 >0 >0 0 0 0 0 None

5b <0 >0 >0 0 0 <0 <0 Dewfall

6b >0 >0 >0 0 0 >0 >0

7b 0 0 0 >0 0 0 0 None

8b <0 0 0 >0 0 <0 <0 Dewfall

9b >0 0 >0 >0 >0 >0 >0 Free convection
10b 0 >0 >0 >0 >0 >0 <0 Mechanical turbulence
11b <0 >0 >0 >0 >0 ) <0 *
12b >0 >0 >0 >0 >0 >0 <0 Mechanical turbulence
13b >0 >0 >0 >0 >0 >0 0 Mechanical turbulence
14b >0 >0 >0 >0 >0 >0 >0

* Depends on magnitude of each contribution.

1 Because the original relationship is independent of stability, 12a = 13a = 14a.

surface-based bulk Richardson number could not be
computed. Instead, the layer Richardson number is
computed using observations at the 1 and 4 m levels.
Because the exchange coefficient is a slowly varying
function of the Richardson number, except near neu-
tral stability, the error in the estimation of the surface-
based bulk Richardson number will normally cause
much smaller errors in the exchange coefficient. Note
that we cannot re-integrate the similarity theory be-
tween 1 and 4 m to obtain a new exchange coefficient
relationship because the Penman relationship demands
integration from the surface; i.e., the bulk aerodynamic
relationship for moisture must be defined with respect
to surface properties so that saturation can be assumed,
allowing surface vapor pressure to be related to surface
temperature. We assess the importance of these po-
tential errors in Section 8 where the exchange coeffi-
cients are also computed using an iterative procedure.

To compute the typical diurnal variation, parameters
for each hour are averaged over all of the Wangara
days, including both sunny and cloudy days. Since p
and L, vary by only a small percentage during the day,
they are considered constant and set equal to 1.275
kg m™3 and 2.5 X 10° J kg™, respectively. The rough-
ness length is assigned to be 1.2 mm (Clarke et al,
1971). Figs. 1-2 show the diurnal variation of the re-
maining variables averaged over 40 days. Occasional
missing observations contribute to some of the hour-
to-hour noise. For most hours, less than 10% of the
observations of a given variable were missing. As ex-
pected, the stability-dependent exchange coefficient
increases in the morning to a maximum value occur-
ring in the early afternoon, dropping off rapidly later
in the afternoon to an almost time-independent noc-
turnal value. The inferred Penman exchange coefficient
C, = flu)/u, where f(u) is the original Penman wind
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function, reaches a minimum in the afternoon, vio-
lating physical expectations.

Values are also averaged for days on which signif-
icant instability (Obukhov length < 10 m) occurred
in the afternoon. Nine such days are found. On these
days, the afternoon exchange coefficient exceeds that
inferred from the Penman relationship by almost a
factor of 2 (Fig. 2).

The diurnal variation of wind function f{u) = C,u
corresponding to the stability-dependent aerodynamic
expression exhibits significantly greater diurnal vari-
ation than the wind function of the unmodified Pen-
man relationship even when averaged over all days

(Fig. 3). Here the Penman wind function follows a -

diurnal pattern close to that corresponding to that wind
function with a constant neutral value of the exchange
coefficient, but with a smaller decrease at night.

. Figure 4 shows the diurnal variation of the radiation
term and the various aerodynamic terms. The radiation
expression peaks around noon, whereas the aerody-
namic expressions peak in early afternoon. The aero-
dynamic terms are as large or nearly as large as the
radiation term in contrast to some unstable summer-
time cases where the radiation term is significantly
larger than the aecrodynamic term.

As expected, the aerodynamic term using the sta-
bility-dependent exchange coefficient C, exhibits, on
the average, considerably more diurnal variation than
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FIG. 2. Averaged diurnal variation of the exchange coefficient as
computed from the Louis formulation (thick dot-dash), and as inferred
from the original Penman wind function f{1)/u (thick broken). Also
shown are averages for the nine days with significant afternoon in-
stability (thin dot-dash and thin broken). ‘
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FiG. 3. The averaged diurnal variation of the wind' function as
computed from the Louis stability-dependent exchange coefficient
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as computed from the Louis stability-dependent exchange coefficient
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the radiation term (dotted).



FEBRUARY 1984

the aerodynamic term of the original Penman rela-
tionship. The aerodynamic term of the original Pen-
man relationship is similar to the aerodynamic term
with a constant neutral exchange coeflicient. Averaged
over all days, the stability-dependent Penman rela-
tionship predicts the afternoon aerodynamic term to
be about 40% greater than that of the original Penman
relationship in the afternoon and about 50% less than
that of the original Penman relationship during the

night.

6. Nonlinear diurnal dependence

In most applications of the Penman relationship,
the daily total evaporation is estimated by using daily
averages of wind speed, net radiation, humidity deficit
and temperature, and by neglecting the influence of
atmospheric stability. Such calculations will incur er-
rors due to neglect of stability influences and due to
the nonlinear interaction (correlation) between the
diurnal variation of variables which appear as products
in the Penman relationship. For example, Jobson
(1972) found that nonlinear interaction between the
diurnal variation of vapor pressure and wind speed
could occasionally lead to significant errors with use
of daily-averaged variables in Dalton’s relationship.
However, on 90% of the days, such an error was found
to be less than 10%. This error remains generally less
than 25% even when monthly-averaged variables are
used (Hage, 1975).

The results of Doorenbos and Pruitt (1977), also
discussed by Stigter (1980), indicate that use of the
Penman relation for predicting 24 h evapotranspiration
from a well-watered grass reference crop could incur
errors of 50% or more. The Penman relationship was
found usually to underestimate water loss with strong
wind speed and weak radiative heating. This under-
estimation decreased or reversed to an overestimation
with weak wind speeds and strong surface radiative
heating. Although stomatal resistance may have been
a factor, the above variation of errors is consistent with
the influence of atmospheric stability on potential
evaporation through the stability-dependent exchange
coefficient and its correlation with other variables in
the aerodynamic term.

We now consider the difference between calculating
daily potential evaporation from daily-averaged vari-
ables versus summing potential evaporation values
computed from hourly variables. We refer to the first
case as “linearized potential evaporation” and the sec-
ond as “integrated potential evaporation.”

Table 2 summarizes the differences between different
expressions averaged over the 40 days of the Wangara
experiment. We first note that the linearized radiation
term averages 13% less than the integrated radiation
term. This underestimation is due to correlation be-
tween the diurnal variation of the radiation (less soil
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TABLE 2. The daily aerodynamic term averaged over
the 40 Wangara days (mm).
Difference from  Averaged
integrated absolute
Averaged modified difference
Method value (%) (%)
Linearized Penman 1.35 —4 15
Integrated Penman 1.42 +1 12
Linearized, stability
dependent 0.89 -36 36
Integrated, stability
dependent 1.40 —_ —_

heat flux) and the temperature-dependent coefficient
of the radiation term.

The linearized and daily-integrated versions of the
aerodynamic terms of the original Penman relationship
average within 5% of each other. The average absolute
difference between the two versions is only 6%. Even
the maximum difference of the 40 individual days is
only 11%. This indicates that the linearization due to
use of daily-averaged values does not lead to significant
errors in the original Penman relationship.

However, the linearization of the stability-dependent
aerodynamic term does create significant errors. Here
the linearized aerodynamic term averages less than
60% of the integrated aerodynamic term. Differences
on some individual days with large variations in sta-
bility exceeded 90% of the integrated term. It is con-
cluded that use of the daily-averaged exchange coef-
ficient causes large underestimation of the daily po-
tential evaporation as explicitly shown in Section 7.
We also found that use of a neutral value of the ex-
change coefficient, corresponding to a logarithmic wind
profile, underestimates the daily evaporation as pre-
viously concluded by Stricker and Brutsaert (1978).

The aerodynamic term of the integrated original
Penman averages, perhaps fortuitously, within 1% of
that of the integrated stability-dependent Penman with
an absolute difference averaging only 12%. A maxi-
mum individual daily difference of only 24% of the
integrated modified term is found on a day with a large
diurnal variation in stability.

The daily values of the original Penman relationship
agree rather closely with the more complete version,
partly due to cancellation of underestimation in the
daytime and overestimation at night. This agreement
can also be attributed to the fact that the estimated
roughness of 1.2 mm is close to the 1.37 mm thought
to be representative of pan conditions used to calibrate
the original Penman relationship (Thom and Oliver,
1977). However, similarity of roughness lengths may
be a lesser factor since the potential evaporation does
not seem to be especially sensitive to the roughness
length (Thom and Oliver, 1977).

Similarly, the linearized aerodynamic term of the
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original Penman equation approximates the aerody-
namic term of the integrated, stability-dependent Pen-
man relationship reasonably well. The difference be-
tween them averages only 4% and the absolute differ-
ence averages only 15%. The maximum individual
difference, about 28% of the integrated term, also occurs
on a day with a large diurnal variation in stability. We
conclude that for the data considered here, the original
Penman relationship has been effectively calibrated to
predict the daily total evaporation even though it per-
forms poorly on an hourly basis. We further conclude
that when only 24 h averages are available, the original
Penman is preferable to the stability-dependent Pen-
man, at least without further calibration.

(1)
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7. Interactive terms

To study the source of errors due to use of daily-
averaged variables, each variable has been partitioned
into a daily mean denoted by an overbar and an hourly
deviation from the daily mean denoted by a prime.
Diurnal variations of density and specific latent heat
are much smaller than diurnal variations of other pa-
rameters and are therefore a551gned to be constant with
valuesof p = 1.275kgm > and L, = 2.5 X 10° J kg™".
Considering the coefficients 1/(A + 1) and A/(A + 1)
each to be a single variable and substituting the par-
titioned variables into the Penman relationship, we
obtain

@ ®
E=Eq+7L =+ B =)
= + v 1 _ 7 + ___ '
R+ P u'(g* — g + blg q)kA+ 1)”
4) (5)
+ 17 * __ v %k _ oY
(a+bu)(A+l)(q 4)+b(A+1)u(q q)} (13)
for the original Penman relationship, where a = 3.9 X 1073 and b = 2.1 X 1073; for the stability-dependent
Penman
(1 (2) (3) 4)
_ _ —_ 1 o —————— —_——
= — o* — Y ' (n* — aY — T
E, ER+pLu{A Coi(q* q)+ 1Cqu(q Qf + i UCde — a3 q* — g)Chu
(%) (6) )] ®
X — WT)’+C'12( l )I( — gy + Clq* —)( l )I'+C( : ),u’(*—)’
Il R A VNIEY A TNy )T A ) T
A ) (10) (11) (12) ]
1Y 1 |
. 4 1 — Y _ T C ¥ — o\ 14
+ u(g* q)( )C +u(A+l)Cq(q q) +(g* q)(AH)Cqu (A+l) u'(q q)_, (14)
where deficit and the temperature-dependent coefficient (term
1 ) 4) are found to be the most significant of the nonlinear
() @) (15)  terms, approximately 9% and —8% of the linear term,
A A respectively. On a day with large diurnal variation of
Er= A+l R,—8) + ( AT 1)(R -S8Y | atmospheric variables, these nonlinear terms reach
about 20% of the magnitude of the linear terrn. They

Table 3 summarizes the magnitude of the various terms
averaged over the 40 Wangara days.

The nonlinear interaction term in the radiation
expression averages about 13% of the linear term av-
eraged over all 40 days; it may exceed 25% of the linear
term on days with large diurnal variation of temper-
ature and net radiation (less soil heat flux).

In the original Penman aerodynamic expression, the
nonlinear interaction between wind and specific hu-
midity deficit (term 2) and between specific humidity

result from higher wind speed, temperature and specific
humidity deficit during the afternoon compared to
nocturnal periods. Note that these two nonlinear terms
are of opposite sign and approximately cancel. This
explains why use of the daily-averaged values in the
original Penman did not cause significant errors, at
least with data analyzed here.

Of the eleven nonlinear terms in the stability-de-
pendent aerodynamic term, seven are found to be rel-
atively unimportant, (terms 5 and 7-12), summing to
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TABLE 3. Daily summed nonlinear terms averaged over
the 40 Wangara days (mm).

L. MAHRT AND MICHAEL EK

Term Averaged value Ratio to linear term
Original aerodynamic term
(1) 1.45 " 1.00
) 0.13 0.09
3) -0.02 —0.02
@ —0.11 —0.08
Modified aerodynamic term
) 1.03 1.00
) 0.14 0.14
3) 0.23 0.29
“4) 0.18 0.19
(5) 0.03 0.04
) —0.08 —0.08
) -0.03 <0.01
(8) —0.01 —0.01
® —0.05 —0.05
(10) —0.01 -0.02
(11) —0.01 —0.01
(12) —0.02 -0.02

less than —9% of the linear term. The correlation be-
tween the exchange coefficient (C,) and specific hu-
midity deficit (g* — g), and the correlation between
the exchange coefficient (C,) and wind (u) lead to the
most important nonlinear terms which average 29%
and 19% of the linear term, respectively. On a day
with particularly high diurnal variation of atmospheric
variables, these two nonlinear terms are found to be
57% and 26% of the linear term, respectively. This
strong correlation between diurnal variations of the
stability-dependent exchange coefficient, wind and hu-
midity accounts for the large errors resulting from the
use of daily-averaged variables in the stability-depen-
dent Penman relationship.

8. Iterative results

The Louis formulation is expected to incur errors
associated with the approximation of the original sim-
ilarity theory. Errors also result from the use of the
layer Richardson number between 1 and 4 meters in
lieu of the Richardson number evaluated between the
surface roughness height and the standard level of 2
m. Note that in modeling situations, surface temper-
ature is usually determined from the surface energy
balance between radiation, evaporation and heat fluxes
into the atmosphere and soil. The radiative temperature
associated with this balance is often quite different

from the air temperature even if measured down at

the roughness height. This is an unavoidable incon-
sistency in modeling situations whenever a bulk aero-
dynamic relationship is used in conjunction with a
surface energy budget. That is, similarity theories do
not apply to the actual surface temperature of the
ground even when such temperatures can be defined.

231

As a check on the modeled stability influence used
here, we have compared it with the original similarity
expressions of Businger ef al. (1971). We have inte-
grated the similarity theory between the surface rough-
ness height and 2 m for wind and 1 and 4 m for
temperature and then used several iterative approaches
cited in the Introduction. The Louis relationships used
here seem to lead to a small overestimation of the
exchange coefficient in unstable situations during the
Wangara experiment, although this disagreement var-
ied somewhat with the choice of iterative scheme. In
addition, the original similarity expressions are un-
certain in cases of large instability or large stability.
Lower limits on the Obukhov length must be imposed
for stable situations in order to ensure physically re-
alistic behavior and in some cases ensure convergence
of the iterative scheme.

We conclude that the qualitative differences between
the original Penman relationship and those modified
to include stability dependencies are not critically de-
pendent on the stability formulation, as also concluded
by Stricker and Brutsaert (1978). However, even the
modified formulations are only approximate and a
precise quantitative evaluation of the original Penman
relationship is not possible.

9. Radiation Richardson number

The iterative procedure may be too cumbersome
for many applications, while the evaluation of the
Richardson number requires temperature at two levels,
not typically available in modeling and routine ob-
servational situations. The Richardson number can be
modified by replacing the temperature difference with
a dependence on radiation. The resulting parameter
is more “external’ than the usual Richardson number,
since the temperature difference and turbulent fluxes
are directly coupled. The surface heat flux is uniquely
related to net radiation under conditions of potential
evaporation and negligible heat flux to the soil. How-
ever, in general, the evaporation is less than potential
and the ratio of the heat flux to the surface net radiation
varies.

A “radiation Richardson” number can be developed
by beginning with the flux Richardson number

(16)

where w'f is the surface temperature flux, w'v’ the
surface momentum flux and v the mean flow vector.
We replace the seldom-measured surface heat flux with
the radiative temperature flux less soil heat flux

= (Rn - S)
PCp '

R (17)
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Here R, is positive with net downward radiative flux
and is expressed in W m™~2 in which case R is in units
of K m s'. In most practical situations, S would be
neglected. Scaling velocity fluctuations with «, the wind
speed at height z, a scale value for the flux Richardson
number (16) becomes proportional to the radiation
Richardson number

Ring = (g/0)Rz/u°. (18)

The relationship between the radiation Richardson
number and atmospheric stability depends on the ac-
tual evaporation rate so that the radiation Richardson
number is only a-crude estimate of atmospheric sta-
bility. However, since the main variation of the ex-
change coeflicient occurs in the transition between sta-
ble and unstable cases, the crude estimate of stability
based on the radiation Richardson number will be of
utility.

To develop the intended use of the radiation Rich-
ardson number, we regress z/L on the radiation Rich-
ardson number where L, the Obukhov length, .is com-
puted iteratively using the similarity relationships of
Businger ef al. (1971). The height z is again 2 m. Cases
where net radiative heat gain is positive and z/L is
stable and vice versa are eliminated since these cases
normally occur in transitional periods when similarity
theory is not expected to apply. Fortunately, potential
evaporation rates are small during such periods.

The radiational Richardson number and z/L are
linearly correlated with a coefficient of 0.95 for the
unstable cases and 0.57 for stable cases. However, dis-
tributions of these parameters are strongly skewed. The
cube root of z/L and the radiation Richardson number
are more normally distributed and will be used for the
regression relationships. Note that (z/L)'* is inversely
related to the surface friction velocity while (Rir,g)"/?
is inversely proportional to the wind speed, so that the
resulting regression relationship is analogous to a re-
sistance law.

The cube root of z/L is correlated to (Riag)"/® with
a correlation coeflicient of 0.90 in the unstable case
and 0.77 in the stable case. The regression relationships
for both cases are

()
)

Both relationships predict that z/L approaches
~ —1073 a5 the net radiation vanishes. This small con-
stant has no special significance for the near neutral
case but rather improves the fit over the range of the
values of the radiation Richardson number. A higher
order model is not justified because of the very ap-
proximate nature of this development.

—8.64(Rig)"? — 0.09, stable case

—15.29(Riq)"® — 0.13, unstable case

(19)
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The foregoing regression relationships (19) were used
to estimate z/L and subsequently to compute the ex-
change coefficients for the Wangara data. These ex-
change coefficients averaged over the forty days appear
to lead to an underestimation of the stability influence
(Figs. 5 and 6). With wetter surface conditions, this
technique may overestimate the stability influence.
However, these simple explicit relationships based on
the radiation Richardson number should be a signif-
icant improvement upon complete neglect of the in-
fluence of atmospheric stability and at the same time
do not require additional observations as with other
stability parameters.

10. Penman—-Monteith relationship

To include the influence of stomatal control, the
Penman relationship is often multiplied by a plant
coeflicient which is generally less than unity. As an
alternative, the Penman-Monteith relationship (Mon-
teith, 1965) is frequently used. This approach intro-
duces the influence of vegetation properties through
a surface resistance factor r,; and the aerodynamic ex-
change coefficient is absorbed into a coefficient for
aerodynamic resistance to atmospheric vapor flux r,
through the relationship
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FIG. 5. The averaged diurnal variation of the exchange coefficient
based on the Louis formulation (dot-dash), the radiation Richardson
number-regression relationship (solid) and as inferred from the Pen-
man wind function (broken). Also shown is the atmospheric resistance
coefficient (thin-broken).
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1

g = -—"—7"7,
(Ca)

(20)

where C, is parameterized according to (11). Thus the
resistance coeflicient is sensitive to atmospheric sta-
bility. We have computed the diurnal variation of the
resistance coeflicient from the exchange coefficient av-
eraged over all the days for each hour. The resistance
coefficient cannot be averaged directly since during
very stable conditions, the resistance coefficient be-
comes orders of magnitude greater than typical values
and theoretically can become infinite.

Diurnal variations of r,, as computed -from the
Wangara data, are plotted in Fig. 5. Since the diurnal
variation of r, is substantial, the neglect of stability
and nonlinear interactions in the Penman-Monteith
expression is expected to lead to large errors. The diur-
nal variation of r, could, in turn, be used to assess the
diurnal variation of the coefficient « in the Priestly-

Taylor model by employing the model of de Bruin

(1983).
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FiG. 6. The averaged diurnal variation of the aerodynamic term
computed from the exchange coefficient based on the Louis for-
mulation (dot-dash), the radiation Richardson number-regression
relationship (solid) and the unmodified Penman aerodynamic term
(broken).
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Relationship (20) along with either (11), (19) or the
procedure in Section 8 would allow inclusion of the
stability influence in the Penman-Monteith expression.

11. Conclusions

The potential evaporation, as related exclusively to
atmospheric variables, is found to be quite sensitive
to the diurnal variation of the exchange coefficient
appearing in the bulk aerodynamic relationship (Dal-
ton’s law). The usual neglect of such diurnal variations
of stability leads to a factor of 2 smaller estimates of
the values for the aerodynamic term on afternoons
with modest instabilities, although the differences are
reduced substantially when averaged over all of the
days in the Wangara experiment (Section 5). Strong
instability (very small Obukhov length) did not occur
with the data analyzed here, due to the relatively low
winter sun angle and generally significant airflow. In
many summer midlatitude situations, the diurnal vari-
ation of stability will be greater than reported here.
Over a fully vegetated surface with moist soil and sig-
nificant airflow, the diurnal variation will often be less
than found here.

Although responding inadequately to diurnal vari-
ations, the original Penman relationship predicted daily
totals of the potential evaporation which are in good
agreement with values predicted by the more complete
relationship. This can be attributed to partial cancel-
lation of the daytime and nocturnal influences of at-
mospheric stability and the similarity between rough-
ness length in the Wangara experiment and that cor-
responding to the original calibration of the Penman
relationship. Use of daily-averaged variables in lieu of
summing hourly estimates from the original Penman
relationship led to little error.

We have also developed a new formulation for com-
puting the stability-dependent exchange coefficient by
defining a “radiation Richardson number” (Section

9). Although less accurate, this simple formulation uses

only variables that are already required for evaluation
of the unmodified Penman relationship.

Acknowledgments. The authors gratefully acknowl-
edge the helpful comments of H.A.R. de Bruin, Ib
Troen, Kenneth Mitchell and the reviewers and the
computational assistance of R. C. Heald and James
Paumier. This work was supported by Contract
F19628-81-K-0046 from the Atmospheric Prediction
Branch, Air Force Geophysics Laboratory, Hanscom
AFB, MA.

REFERENCES

Berkowicz, R., and L. P. Prahm, 1982: Sensible heat flux estimated
from routine meteorological data by the resistance method. J.
Appl. Meteor., 21, 1845-1864.

Bouchet, R. J., 1963: Evapotranspiration réelle, évapotranspiration
potentielle, et production agricole. Ann. Agron., 14, 743-824.

Brochet, P., and N. Gerbier, 1972: Une méthode practique de calcul
de I’evapotranspiration potentielle. Ann. Agron., 23, 31-49.



~

234

Brutsaert, W. H., 1982: Evaporation and the Atmosphere. Reidel,
299 pp.

Businger, J. A., 1956: Some remarks on Penman’s equations for
evapotranspiration. Neth. J. Agric. Sci., 4, 77-80.

. J. C. Wyngaard, Y. Izumi and E. F. Bradley, 1971: Flux-
profile relationships in the atmospheric surface layer. J. Atmos.
Sci., 28, 181-189.

Clarke, R. H., A. J. Dyer, R. R. Brook, D. G. Reid and A. J. Troup,
1971: The Wangara Experiment: Boundary layer data. Tech.
Pap. No. 19, Div. Meteor. Phys., CSIRO, Australia, 337 pp.

de Bruin, H. A. R;, 1983: A model for the Priestley-Taylor parameter
a. J. Climate Appl. Meteor., 22, 572-578.

DeHeer-Amissah, A., U. Hogstrom, and A. S. Smedman-Hdgstrém,
1981: Calculation of sensible and latent heat fluxes, and surface
resistance from profile data. Bound.-Layer Meteor., 20, 35-49.

Doorenbos, J., and W. O. Pruitt, 1977: Crop water requirements.
Irrigation and Drainage, 24, FAO, Rome, 178 pp.

Federer, C. A., 1970: Measuring forest evapotranspiration—theory
and problems. USDA, Forest Service Res. Pap. NE-165.
Fuchs, M., C. B. Tanner, G. W. Thurtell and T. A. Black, 1969:
Evaporation from drying surfaces by the combination method.

Agron. J., 61, 22-26.

Hage, K. D., 1975: Averaging errors in monthly evaporation estimates.
Water Resour. Res., 11, 359-361.

Jobson, H. E., 1972: Effect of using averaged data on the computed
evaporation. Water Resour. Res., 8, 513-518.

Louis, J. F., 1979: A parametric model of vertical eddy fluxes in the
atmosphere. Bound.-Layer Meteor., 17, 187-202.

——, M. Tiedtke and J. F. Geleyn, 1982: A short history of the
operational PBL—Parameterization of ECMWEF. Workshop on

JOURNAL OF CLIMATE AND APPLIED METEOROLOGY

VOLUME 23

planetary boundary layer parameterization, European Centre
for Medium Range Weather Forecasts, Shinfield Park, Reading,
Berks, U.K.

Monteith, J. L., 1965: Evaporation and environment. Symp. Soc.
Exp. Biol., 19, 205-234. )

Morton, F. I, 1975: Estimating evaporation and transpiration from
climatological observations. J. Appl. Meteor., 14, 486-497.

Penman, H. L., 1948: Natural evaporation from open water, bare
soil, and grass. Proc. Roy. Soc. London A193, 120-195.

Priestly, C. H. B., and R. J. Taylor, 1972: On the assessment of
surface heat flux and evaporation using large-scale parameters.
Mon. Wea. Rev., 100, 81-92. )

Seguin, B., 1975: Etude comparée des méthodes d’estimation d’ETP
en climat Méditerranéen du Sud de la France (Région d’Avig--
non). Ann. Agron., 26, 671-691.

Stewart, J. E., and A. S. Thom, 1973: Energy budgets in pine forest.
Quart. J. Roy. Meteor. Soc., 99, 154-170.

Stigter, C. J., 1980: Assessment of the quality of generalized wind
functions in Penman’s equations. J. Hydrol., 45, 321-331.

Stricker, H., and W. Brutsaert, 1978: Actual evapotranspiration over
a summer period in the “Hupsel Catchment.” J. Hydrol., 39,
139-157.

Thom, A. S., and H. R. Oliver, 1977: On Penman’s equation for
estimating regional evaporation. Quart. J. Roy. Meteor. Soc.,
103, 345-357.

Verma, S. B., N. J. Rosenberg, B. L. Blad and M. W. Baradas, 1976:
Resistance-energy balance method for predicting evapo-
transpiration: determination of boundary layer resistance and
evaluation of error effects. Agron. J., 68, 776-782.

Yu, T. W., 1977: Parameterization of surface evaporation rate for
use in numerical modeling. J. Appl. Meteor., 16, 393-400.



